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Stable accelerating universe with no hair

Pedro F. Gonza´lez-Dı́az
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After reviewing the main characteristics of the spacetime of accelerating universes driven by a quintessence
scalar field with a constant equation of statev, we investigate in this paper the classical stability of such spaces
to cosmological perturbations, particularizing in the case of a closed geometry and equation of statev52

2
3 .

We conclude that this space is classically stable and conjecture that accelerating universes driven by quintes-
sential fields have ‘‘no hair.’’

DOI: 10.1103/PhysRevD.65.104035 PACS number~s!: 04.20.Jb, 98.80.Hw
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I. INTRODUCTION

Knowing the fate of the universe has always been
main goal of cosmology. The speculation on what the fut
of the universe might be has now become even more c
plicated. Following recent observations in supernovas typ
@1#, a real revolution has stirred cosmology, leading to
plethora of new views, concepts and finally to an emerg
entirely new cosmological scenario which some like to c
the new standard cosmology@2#. Critically pivotal in such a
scenario is the already overwhelmingly accepted view t
the expansion of the present universe is accelerating@3#.
Whether this acceleration will continue forever or will sto
to recover decelerating expansion is still not known. The k
ingredient that provides the repulsive force required by
accelerating universe is cosmic dark energy, which, tho
not directly detectable, should make up nearly 70% of
total energy content in the universe. So far, two main can
dates have been considered for dark energy: a positive
mological constant@4# and the so-called quintessence field
slowly varying scalar field with negative pressure which on
recently ~in cosmic time! has started to dominate over a
forms of matter@5,6#. Several compelling arguments hav
been advanced@5–7# in favor of cosmic quintessence wit
respect to the cosmological constant.

It has recently been argued, however@8–10#, that if the
accelerating expansion continues eternally, then a fu
event horizon will inexorably form and this would represe
the demise of any mathematically consistent formulation
quantum gravity and string theory, both in the case in wh
the universe is now dominated by a positive cosmolog
constant or by a cosmic quintessential field with a cons
@5# or time-dependent@6# equation of state. This may be on
of the greatest challenges ever posed to theoretical phy
The formation of a future event horizon, which would ma
it impossible to construct any consistentS matrix for string
theory, is an unavoidable consequence of the causal fu
development of any initial surface in the accelerating u
verse if quantum coherence is to be preserved. Neverthe
there exist solutions to the static Einstein equations for
eternally accelerating universe endowed with a quintesse
scalar field with a constant equation of state which do
show any event horizon@11#. This is made possible becaus
such solutions possess a Kleinian signature that can lea
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e
e
-

Ia
a
g
ll

t

y
n
h
e
i-
s-

re
t
f
h
l

nt

cs.

re
-
ss,
n
ce
t

to

the allowance of world lines traveling backward in tim
Relative to the case of a positive cosmological constant,
may become one of the strongest arguments in favor of q
tessence.

Along the evolution of the universe from its quantum e
tracking models can actually be represented@12# as a succes-
sion of v5p/r5const domains, ranging fromv511 to
v521, separated by abrupt jumps and followed by t
present accelerating expansion with2 1

3 .v.21, which
evolves from an attractor solution@6,12,13# and may or may
not be characterized by a constantv. However, it seems to
be a good enough approximation to also represent the pre
period of dark-energy dominated evolution by a quintesse
model withv5const. Therefore, investigating the spacetim
of eternally accelerating universes whose expansion is dr
by a quintessence scalar field with a constant equation
state and does not show a future event horizon appears t
of interest. This will be done in the present paper, specia
ing in the casev52 2

3 . We shall also deal with the issue o
the stability of this eternally accelerating universe by cons
ering the cosmological Lifshitz-Khalatnikov perturbation
@14# on it. We check that the considered spacetime is sta
and we advance the conjecture that an eternally accelera
closed universe has no hair.

The paper can be outlined as follows. In Sec. II, we
view the solutions to the Einstein equations correspondin
a quintessence scalar field with constantv, minimally
coupled to Hilbert-Einstein gravity, both in the static an
cosmological cases, for the whole range of state equat
that covers all possible universes with accelerating exp
sion. We particularize in the casev52 2

3 whose Friedmann-
Robertson-Walker~FRW! metric is considered in some deta
for the different geometries of the universe. The Lifshit
Khalatnikov cosmic perturbations of this spacetime are st
ied in detail in Sec. III and it is checked that the spacetime
stable for them. We also advance the conjecture that an
nally accelerating closed universe has no hair, discussin
by comparing with the purely de Sitter space. Finally, w
conclude and add some further remarks in Sec. IV.

II. THE SPACETIME OF AN ACCELERATING UNIVERSE

The spacetime of the accelerating Friedmann-Roberts
Walker ~FRW! universe endowed with a quintessence sca
©2002 The American Physical Society35-1
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field with constant state equation parameter2 1
3 .v.21

corresponds to maximally symmetric spaces with nega
spacetime curvature which are solutions of the Einst
equations. Since the conservation law for a generic quin
sence scalar field should be taken to bear5a(t)23(11v)

@wherea is an arbitrary integration constant,r is the energy
density of the quintessence field, anda(t) is the time-
dependent scale factor#, the Friedmann equations for th
quintessential accelerating universe are@15#

a213vä1
4pG~113v!

3a
50, ~2.1!

ȧ2

a2
[H25

8pG

3a
a23(11v)6

1

R2a2
, ~2.2!

in which H is the Hubble constant,R22 is the spatial curva-
ture constant, and the overhead dot denotes differentia
with respect to timet. Note that if we setv521, the first
term of the right-hand side in Eq.~2.2! becomes a constan
and we obtain then a solution for the scale factor that
scribes just de Sitter space. Here we shall restrict ourse
to solve Eqs.~2.1! and ~2.2! in two particularly interesting
cases. When we setv52 1

3 , i.e., at the onset of the accele
ating regime, we obtain the solution@16#

a~ t !5A8pG

3a
2

1

R2
t1K0 , ~2.3!

whereK0 is an integration constant. Whereas in the spatia
closed case withR2258pG/(3a) the scale factor~2.3! re-
duces to a simple constant that describes an Einstein s
universe, in the spatially flat and open cases, or whenR22

,8pG/(3a) for closed geometry, the universe will expan
in just the uniform way.

For a constant equation of state withv52 2
3 , i.e., at the

typically most interesting situation in which the universe e
pands in an accelerating fashion quite adjustable to what
been observed in recent supernova experiments@1,3#, the
scale factor solution to the Friedmann equations~2.1! and
~2.2! can generally be written

a~ t !5
2pGt2

3a
1Kt1

3a~K21R22!

8pG
. ~2.4!

If, without any loss of generality, we set the integration co
stantK50 ~in what follows, it will be seen that when w
reexpress the scale factor in terms of the compactified t
h, the resulting solution does not explicitly depend onK),
then this solution described the FRW spacetime of ha
Lorentzian wormhole@17#, from a throat att50, wherea
5a053a/(8pGR2), to the asymptotic region att51`.
We furthermore notice that if forK50 we allowed timet
also to take on negative values fromt50 down tot52`,
then a complete wormhole would be obtained. Let us n
assume for a moment that the two asymptotic regionst
56` are identified to each other so that@18# any world
lines for test particles or light signals approaching the infin
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surface att51` from t50 would find themselves emergin
from the infinity surface att52`, towardt50, and any of
such lines approaching the infinity surface att52` also
from t50 would emerge from the infinity surface att5
1`, again towardt50. None of these world lines had the
reached any of the infinities. Thus, if the universe can
described as a compactified complete wormhole the way
have just described, then light signals traveling backward
time existed and could connect the whole spacetime in s
a way that no event horizon would form up in the future@11#.
This by no means implies the existence in the accelera
universe of any nonchronal regions containing closed tim
like curves because for these curves to occur in our sp
time it would be necessary that the two asymptotic region
t56` were also set into motion relative to one anoth
@18#, which is not possible for the universe.

In what follows, we shall interpret the throat of the worm
hole att50 as the latest hypersurface of the universe imm
diately before the onset of the accelerating regime. This w
make the value of the constant 3a/8pG very large. The three
possible geometries associated with the FRW metric that
respond to solution~2.4! with K5” 0 lead to the following
expressions for the scale factor in terms of the conform
time h5*dt/a(t).

~i! Spatially closedR22.0:

a~h!5
3a

8pGR2 cos2„h/~2R!…
, ~2.5!

with

h52R arctanFRS K1
4pGt

3a D G . ~2.6!

~ii ! Spatially flatR2250:

a~h!5
3a

2pGh2
, ~2.7!

with

h52
2

K1
4pGt

3a

. ~2.8!

~iii ! Spatially openR22,0:

a~h!52
3a

8pGuRu2 cosh2„h/~2uRu!…
, ~2.9!

with

h522uRuarctanhFURUS K1
4pGt

3a D G . ~2.10!

Note that in all three cases the scale factor does not explic
depend on the integration constantK.
5-2
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STABLE ACCELERATING UNIVERSE WITH NO HAIR PHYSICAL REVIEW D65 104035
Although particular values of the parameterv such asv
52 1

3 andv52 2
3 would strictly make the usual sense on

for homogeneous and isotropic FRW spacetimes, if we k
an equation of statep5vr also in the case of spacetime
with static, spherically symmetric coordinates, one can a
obtain the static metrics which correspond to the above
ticular cases for a given, fixed relation between the ene
density and the metric components, much in the same wa
the static metric for de Sitter space can be derived from
Einstein equations for static, spherically symmetric coor
nates and an equation of statep5vr, whenever we setv
521. That static de Sitter metric can directly be relat
with a corresponding FRW metric for de Sitter space o
tained from Eqs.~2.1! and~2.2! also forv521 by means of
embeddings in a common five-dimensional hyperboloid~see
Refs.@20# and@21#!. We next consider the generic metric th
describes the spacetime in static, spherically symmetric
ordinatest,r ,u,f for an equation of statep5vr and posi-
tive spatial curvature, corresponding to an ansatz

ds252A~r !dt21B~r !dr21r 2dV2
2 ,

wheredV2
2 is the metric on the unit two-sphere, andA(r )

andB(r ) are metric coefficients depending only on the rad
coordinater. Following Ref.@11#, we take as the componen
of the energy-momentum tensorTr

r5Tu
u5Tf

f5p and T0
05

2r, that is, Tr
r5Tu

u5Tf
f52vT0

0 , and hence we have th
Einstein equations

8pGvr5
1

B S 1

r 2
1

A8

rA D 2
1

r 2
5

1

4B S 2A9

A
2

~A8!2

A2
2

2B8

rB

2
A8B8

AB
1

2A8

rA D ,

8pGr52
1

B S 1

r 2
2

B8

rB D 1
1

r 2
,

in which the prime denotes a derivative with respect to
radial coordinater. On the other hand, the components of t
energy-momentum tensor must satisfy the gravitational eq
tion @11# Ti ;k

k 50. From this equation, we can now obtain
relation between the metric componentA(r ) and the energy
density r,A(r )8522vA(r )r8/@r(11v)#, which can be
immediately integrated to givear5A(r )2(11v)/(2v), with a
again an arbitrary integration constant. Note that forv5
21,r becomes a simple constant, so that the Einstein eq
tions are straightforwardly solved to produce the well-kno
static de Sitter metric. In the casev52 1

3 , we can obtain the
solution @11,16#

A~r !5K12
8pGK2

3a
A11

3aK3

8pGr2
, ~2.11!

B~r !52F S K31
8pGr2

3a DA~r !G21

,

~2.12!
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whereK1 , K2, and K3 are integration constants which a
arbitrary unless by the conditionK1K3521. This metric
shows an event horizon at

r 5r h5S 3aK3K1
2

8pGK2
2

2
8pG

3aK3
D 21

,

which marks the transition from a Kleinian-signature met
for r ,r h to a Euclidean~Riemannian! metric for r .r h . For
the entire range ofv values in the accelerating interval2 1

3

.v.21, we have the solution@11#

A~r !5K~v,a!r 4v/(11v),

B5
v216v11

~1* v!2
,

where

K~v,a!5S 2pG~11v!2B

va D 2v/(11v)

,

21,v,2 1
3 .

Note that in the considered interval,B reduces to a simple
dimensionless constant which is negative definite. Besi
being singular at the origin of radial coordinater, the two
most interesting properties of this solution are~i! it does not
show any event horizon@so that all world lines should nec
essarily be always connected to each other in both the s
spacetime and, in spite of corresponding to an accelera
FRW spacetime, the cosmological spacetime described
metric ~2.4!#, and ~ii ! it has a Kleinian definite signatur
~22 1 1! @this is consistent with property~i! and with a
Lorentzian wormhole interpretation of the FRW metric wi
scale factor~2.4!#. In this paper, we shall concentrate on t
particular valuev52 2

3 which corresponds to a FRW metri
that predicts an accelerating universe which conforms we
supernova results. In this particular case, the above solu
reduces to

A~r !5S 3a

23pGr2D 4

, B5223. ~2.13!

Most recent results on the large-scale curvature of
universe provided by BOOMERanG@19# and other cosmic
microwave background~CMB! anisotropy experiments@20#
indicate that the universe is flat with a 95% confidence int
val. This leaves a 5% uncertainty which, from the qualitat
standpoint, tells us that the geometry of the universe can
be open or closed. On the other hand, along the developm
of physics we usually find that the apparently most sim
situations~circular orbits for planets and atomic electron
spherical symmetry, etc.! were often not the real case, bu
just a good approximation. If flatness is taken to repres
the simplest possible geometry of the universe, we shall
here to this empirical tendency by choosing for our acce
ating universe with the quintessential equation of statev5
2 2

3 a closed geometry, hoping that, as for previous histor
5-3
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examples, this finally uncovers a richer structure. Moreov
one should expect that the conclusions on the stability of
universe against cosmological perturbations that we are
ing to obtain in the next section for closed geometry wo
also be shared by flat geometry. In any event, a deta
consideration of the cases for flat and open geometries is
for future research. It is only for the sake of completen
that we shall finally include the metric solution for any co
stantv in the accelerating interval for the flat geometry.
FRW coordinates, it reads

ds252dt21S 6pG~11v!2t2

a D 1/[3(11v)]

3~dr21r 2dV2
2!. ~2.14!

This line element is valid for all2 1
3 .v.21 and is asso-

ciated with a corresponding static metric for any accelera
value ofv @11# of which the metric coefficients in Eq.~2.13!
become just the case forv52 2

3 . Therefore, metric~2.14!
and its static counterpart should possess exactly the s
properties as were discussed before for metrics~2.4! and
~2.13!.

III. COSMOLOGICAL PERTURBATIONS

In this section, we shall first briefly review those mat
ematical aspects of the perturbative technique develope
Lifshitz @14# which will be used later to investigate the st
bility of our closed accelerating universe. For a closed FR
spacetime, perturbations of the four-metric are introduced
gab5gab1hab , with the perturbations satisfying the gaug
h005h0a50,a,b, . . . 50,1, . . . ,3, anda,b, . . . 51, . . . ,3.
It is work remarking that, although we are working in a
isotropic framework with a reference system which is alwa
synchronous, after this choice of gauge it is no longe
comoving system because the perturbations on the sp
components of the four-velocity can be generally nonz
@14,22,23#. Perturbation of the Ricci tensor and, hence,
Einstein equation, energy density, and velocity can then
derived~for details, see Refs.@21,22#! by taking as the mos
general metric perturbation

hab5l~h!Pab1m~h!Qab1s~h!Sab1n~h!Hab ,
~3.1!

where the coefficientsl, m, s, andn depend only on theh
time parameter, andPab , Qab , Sab , and Hab are tensor
harmonics which are defined by@22#

Qab5
1

3
gabQ, ¹a¹aQ(n)5~12n2!Q(n), ~3.2!

Pab5
¹a¹bQ

l ~ l 12!
1Qab , Sab5¹aSb1¹bSa ,

~3.3!

¹a¹aSb
(n)5~22n2!Sb

(n) , ¹aSa
(n)50, ~3.4!

¹a¹aHcd
(n)5~32n2!Hcd

(n) , ~3.5!
10403
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(n)50, Ha

(n)a50,

whereQ(n), Sa
(n) , andHcd

(n) are, respectively, the scalar, ve
tor, and tensor harmonics@21,22#, andn is an integer order.

Inserting Eq.~3.1! into the perturbed expressions for th
Einstein equations and the energy density and velocity c
ponents, and using the above definitions, we finally obtain~a
prime denotes differentiation with respect toh)

l91
2a8l8

a
2

1

3
l ~ l 12!~l1m!50, ~3.6!

m91~3Cs
212!

a8m8

a
1

1

3
~3Cs

211!

3@ l ~ l 12!23#~l1m!50, ~3.7!

s91
2a8s8

a
50, ~3.8!

n91
2a8n8

a
1 l ~ l 12!n50, ~3.9!

and

dr

r
5

a~h50!2

9a2 H @ l ~ l 12!23#~l1m!

13
a8m8

a J Q, ~3.10!

dva5
Pa

12@12~a8/a!2#
$ l ~ l 12!m8

1@ l ~ l 12!23#l8% ~3.11!

for scalar harmonics, and

dr

r
50, dva5@ l ~ l 12!23#s8Sa ~3.12!

for vector harmonics.

A. Scalar harmonics

The differential equations for theh-dependent coeffi-
cientsl andm, representing metric scalar perturbations o
closed FRW geometry for the scale factor~2.5!, can be writ-
ten as

l912 tan~h/2!l82 1
3 l ~ l 12!~l1m!50, ~3.13!

m92 1
3 @ l ~ l 12!23#~l1m!50,

~3.14!

while the perturbations for energy density and velocity co
ponents become
5-4
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STABLE ACCELERATING UNIVERSE WITH NO HAIR PHYSICAL REVIEW D65 104035
dr

r
5

cos4~h/2!

9
$@ l ~ l 12!23#~l1m!

13 tanhm8%Q, ~3.15!

dva5
Pa

12@12tan2~h/2!#
$ l ~ l 12!m8

1@ l ~ l 12!23#l8%, ~3.16!

where we have consistently taken for the speed of soun

Cs5dp/dr5v52 2
3 , ~3.17!

which corresponds to a quintessence scalar field with c
stant equation of statev52 2

3 @12#.
The differential equations~3.13! and ~3.14! still contain

some residual gauge freedom for a complete specificatio
the choice of coordinates@14,21,22#. Such an unphysica
gauge corresponds in the present case to the particular
tions

l52m5const, ~3.18!

l5 l ~ l 12!~h1sinh!,
~3.19!

m52 l ~ l 12!~h1sinh!13 sinh.

These solutions will be conveniently subtracted from
general solutions to Eqs.~3.13! and ~3.14!. The latter solu-
tions will be obtained with the help of the auxiliary function
j andz introduced by the substitutions

l1m53 sinhE j dh, ~3.20!

l82m852l ~ l 12!~11cosh!E j dh

23 coshE j dh1z cosh. ~3.21!

When substitutions~3.20! and ~3.21! are introduced in Eqs
~3.13! and ~3.14!, we obtain the new coupled differentia
equations

j81cot~h/2!j1 1
3 @12 1

2 sec2~h/2!#z50, ~3.22!

z81@ tan~h/2!2tanh#z1$2l ~ l 12!~11sech!

23@12tanh tan~h/2!#%50. ~3.23!

Straightforward manipulations on these equations lead
nally to

z52sech cot2~h/2!y8 ~3.24!

2y91cot~h/2!y81@ 2
3 l ~ l 12!2 1

4 1 3
4 tan2~h/2!#y50,

~3.25!

wherey5j sin2(h/2).
10403
n-

of

lu-

e

-

Our task now is to solve Eqs.~3.24! and ~3.25!. Since
obtaining exact solutions to these equations in closed form
very difficult, we shall derive approximate solutions in th
extreme cases whenh→0 ~i.e., at the beginning of the ac
celerating phase! andh→p ~i.e., toward the asymptotic fu
ture of the eternally accelerating expansion!. In the first
stages of accelerating expansion withh!1, Eq. ~3.25! can
be approximated up to second order inh as

2hy91 1
6 ~122h2!y81@ 2

3 l ~ l 12!2 1
4 #hy50.

~3.26!

At the smallesth the solution can in turn be approximated
terms of the Bessel functionJn in the form

y.h3/2J3/2@A 1
4 2 2

3 l ~ l 12!h#. ~3.27!

As h→0, we then havey}h3/2. It follows that for the aux-
iliary functionsj}h, z}24(12h2/3), and hence, since a
residual gauge given by Eqs.~3.10! will vanish ash→0, one
consistently concludes that the metric and dark energy~den-
sity and velocity components! perturbations all vanish as on
approaches the onset of the accelerating region. Had we
sen for the Bessel function any of the functionsHn @23#, then
all the above perturbations would be pure imaginary a
divergent ash→0.

Of greater interest to study the stability of our eterna
accelerating universe is to consider the behavior of pertu
tions in the asymptotic regionh→p ~i.e., t→`). Thus, we
next look at the solutions to Eqs.~3.24! and ~3.25! as h
→p. Let us first introduce the change of time coordinatex
5tan(h/2) in Eq. ~3.25! which then becomes

2~11x2!2
d2y

dx2
1

2

x
~12x4!

dy

dx
1@ 8

3 l ~ l 12!2113x2#y50,

~3.28!

which for largex and even moderatel admits an approximate
solution again expressible in terms of the Bessel functionJn ,
i.e.,

y.Acot~h/2!JA13/2@A8l ~ l 12!21cot~h/2!#.

As h→p, this solution reduces to

y}@cot~h/2!# (11A13)/2, ~3.29!

or when expressed in terms of the auxiliary functionsj and
z,

j.A~ l !sin22~h/2!@cot~h/2!# (11A13)/2, ~3.30!

z. 1
4 sech~11A13!j, ~3.31!

whereA( l ) is a finite constant that depends only onl and
whose precise value is not of interest in this paper. The
of these expressions in Eqs.~3.20! and~3.21! leads finally to
the solutions for the perturbations coefficients
5-5
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l5
A~ l !

31A13
@B~ l !212 sin2~h/2!#

3@cot~h/2!# (51A13)/2, ~3.32!

m52
A~ l !

31A13
@B~ l !112 sin2~h/2!#

3@cot~h/2!# (51A13)/2, ~3.33!

whereB( l ) is a finite constant given by

B~ l !5
16

51A13
@12A13/82 l ~ l 12!#,

and we have subtracted the unphysical gauge associated
the particular solution given by Eqs.~3.19!, i.e., l52C1l ( l
12)(h 1sinh)1C2, m5 2 2C1@ l ( l 1 2)(h 1 sinh)23
sinh#2C2, with C1 and C2 two arbitrary integration con-
stants. Using then Eqs.~3.15! and ~3.16!, we finally derive
the perturbation in energy density and velocity compone
for the quintessence field which are given by

dr

r
5

2A~ l !cos4~h/2!@cot~h/2!# (51A13)/2

3~31A13!csc2~h/2!

3H 24@ l ~ l 12!23#212 sinh cot~h/2!

1
51A13

4
@B~ l !csc2~h/2!112#J Q, ~3.34!

dva5
A~ l !cos2~h/2!@cot~h/2!# (31A13)/2

~31A13!cosh
H l ~ l 12!

3F ~51A13!

4
@B~ l !csc2~h/2!112#

212 sin@cot~h/2!# (21A13)/2G2@ l ~ l 12!23#

3F ~51A13!

4
@B~ l !csc2~h/2!112#

112 sinh@cot~h/2!# (21A13)/2G J Pa. ~3.35!

Equations~3.32!–~3.35! vanish ash→p. Had we taken any
of the two Bessel functionsHn @23# instead ofJn for the
solution of the differential equation~3.28!, then we would
have finally obtained the same expressions as Eqs.~3.32!–
~3.35!, but with the sign for allA13 changed. These woul
again vanish ash→p, so the accelerating closed univer
resulting from the presence of a quintessence scalar
with constant equation of statev52 2

3 appears to be stabl
to scalar Lifshitz-Khalatnikov perturbations.
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B. Vector and tensor harmonics

For the case under consideration, perturbations assoc
with vector harmonics are described by coefficients that
isfy the differential equation

s912 tan~h/2!s850, ~3.36!

with

dr

r
50, dva5@ l ~ l 12!23#s8Sa. ~3.37!

The solution to Eq.~3.36! can be given in closed form an
reads

s5C01C1~ 3
4 h1sinh1 1

8 sin~2h!!, ~3.38!

whereC0 and C1 are arbitrary integration constants. Now
from Eqs.~3.37! it follows that s850, so the constantC1
should be zero too, and hences5C0. Therefore, as usua
@14,21,22#, vector perturbations correspond to unphysic
pure gauge and are hence irrelevant also for the etern
accelerating universe we are considering in this paper.

Let us next deal with the quite more interesting study
the gravitational waves associated with the perturbati
generated by tensor harmonics. In our case, the coeffici
for such perturbations are described by the differential eq
tion

n912 tan~h/2!n81 l ~ l 12!n50. ~3.39!

Two cases can now be distinguished. Ifl 50, then the solu-
tion for n(h) is formally identical to that fors(h) given by
Eq. ~3.38!, but its interpretation is different. It physicall
represents the time evolution of gravitational waves.
have obtained that, even though the gravitational wave
plitude does not vanish ash→p, it does not grow ast→`,
at which limit n5C* [C013pC1/45const. The neat effec
of the whole evolution fromh50 to h5p on the zero-mode
amplitude is an increase fromC0 to C* . If l 5” 0, then by
introducing the coordinate changez5sin(h/2), Eq. ~3.39!
can be written as

~12z2!n913zn81m~m14!n50, ~3.40!

in which m52l . The solution to this differential equatio
can most easily be expressed in terms of ultraspherical~Ge-
genbauer! polynomialsCn

(3) @23# of odd degreen and reads

n~h!5cos5/2~h/2!C2l 21
(3) @sin~h/2!#, l .0. ~3.41!

We can then show that this solution becomes proportiona
t25/2 as one approaches the asymptotic limith5p. Thus,
these gravitational modes~which all start with vanishing am-
plitude ath50) become asymptotically suppressed as o
goes tot5`. We have thereby excluded any unstable gro
ing modes of the gravitational radiation in the accelerat
regime driven by a quintessence field with constant equa
of statev52 2

3 .
5-6
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C. No-hair conjecture

Now, from the solution~3.38! for l 50 we obtain at large
t,

nv522/3
(0) .C* 1A 27a

128pGa
C1 . ~3.42!

Thus, even though the value ofn provided by Eq.~3.30!
would be expected to be larger than the corresponding v
for the zero mode,nds

(0)5C25const, for de Sitter space@21#,
one may always choose the value of the constantC* , C1,
andC2 such thatnv522/3

(0) becomes smaller thannds
(0) at suf-

ficiently later times. Forl 5” 0, from solution~3.41! at larget,
we also obtain

nv522/3
( l ) .

~2l 14!!

5!~2l 21!!
~2a!25/4. ~3.43!

The comparison of this with the corresponding de Sitter
pression @21# nds

( l ).A11A2exp(23Ht) ~where H is the
Hubble constant andA1 and A2 are constants which only
depend onl ) clearly implies thatnv522/3

( l ) ,nds
( l ) even at mod-

erate values of timet.
Moreover, from the above discussion it follows that a

physical effects driven by the gravitational radiation mod
~3.42! and ~3.43! should in any event be very small, sinc
their physical wavelengths, respectively, increase witha1/6

and a5/12. Thus physical quantities involving at least tw
derivatives of the metric are then suppressed asymptotic
by powers of the inverse of these wavelengths. These re
appears to be implying a cosmic ‘‘no-hair’’ theorem@24# for
our accelerating closed universe endowed with a quin
sence field with constant equation of statev52 2

3 . Accord-
ing, furthermore, to our discussion above, it would rather
a question of the relative values of the constants involved
the expressions for coefficientsn whether the no-hair de Sit
ter attractor or our no-hair attractor is the final solution for
accelerating universe. Of course, the model discussed in
paper is a simple one, so that one should extend this dis
sion to include other models with different spatial geometr
and constant or ‘‘tracking’’ equations of state.

IV. CONCLUSIONS

Motivated by the huge impact produced by supernova
servations@1#, in this paper we have studied some new ch
acteristics of the cosmological and static spacetimes of
celerating universes whose expansion is driven by a slo
varying quintessence scalar field with constant equation
state 2 1

3 .v.21. Particularizing at the observational
most favored casev52 2

3 , it was shown that these spac
times do not possess any future event horizon, a prop
which is not obviously shared by de Sitter space. The rea
that justifies this result is that, even though closed timel
curves are not permitted to exist in these spacetimes, w
lines traveling backward in time are allowed to occur on
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thus connecting any otherwise causally disconnected regi
and hence preventing the formation of future event horizo
This result could have considerable interest for particle ph
ics and quantum gravity because it manifestly avoids
serious, perhaps fatal difficulties for string theory~and actu-
ally any quantum field theory that depends on the prese
of particles at infinity! posed by the existence of a futur
event horizon@8–10#. This would be just another reason
favor of preferring quintessence over a positive cosmolog
constant, since asymptotically de Sitter space inexora
leads to the formation of an event horizon.

The stability of the closed space with accelerating exp
sion induced by a quintessence field with an equation of s
v52 2

3 to the cosmological Lifshitz-Khalatnikov perturba
tions @14# on the three-sphere has been also studied in de
Although there exist more elaborate, covariant methods
dealing with cosmological perturbations@25#, we have fol-
lowed here the original Lifshitz-Khalatnikov treatment b
cause of its greater ability to distinguish among the involv
physical effects. It was obtained that, at least for a clo
geometry in the casev52 2

3 , the space is stable to both th
scalar and tensorial perturbations, and that the dampin
small physical effects induced by the resulting gravitatio
waves allows one to conjecture that—much like it happen
asymptotic de Sitter space—eternally accelerating unive
induced by quintessential fields have no hair, thus becom
final attractors along the evolution of the universe. It wou
be the value taken on by the constants that characterize
amplitude of the gravitational radiation that would final
decide whether the attractor of a de Sitter universe or
attractors ofv.21 quintessential accelerating universes a
going finally to dominate and drive the future cosmologic
evolution. This is a matter which cannot be decided in
present paper, but that appears to be necessary to avoi
above-mentioned severe conflict between the accelera
universe and string theory~or possibly any competing quan
tum theory, if there were any!. Since our present understan
ing of any of the theories involved in this conflict is still to
rudimentary, it is rather premature to say anything defin
about it.

It is expected that the results obtained in this paper for
closed geometry can be applied to flat geometry too. In p
ticular, it appears that the no-hair conjecture is a key ing
dient also for the spatially flat case. Finally, the rather
triguing implication that in any eternally acceleratin
universe driven by quintessence there would be world li
~followed by light signals and possibly some kind of matte!
traveling backward in time needs further consideration. Af
all, if such lines were allowed to exist, then the meaning
cosmological evolution itself would actually require an e
tensive revision.
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